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6. Abstrak Penyelidikan 
6.1. Bahasa Inggeris 
For the purpose of tackling the four-colour problem, Birkhoff (1912) introduced the 
chromatic polynomial of a map, denoted by P(M,A), which is a number of proper A-
colouring of a map M. Whitney (1932), who established many fundamental results for it, 
later generalized the notion of a chromatic polynomial to that of an arbitrary graph. In 
1968, Read asked whether it is possible to find a set of necessary and sufficient algebraic 
conditions for a polynomial to be the chromatic polynomial of some graph. In particular, 
Read asked for a necessary and sufficient condition for two graphs to be chromatically 
equivalent; that is, to have the same chromatic polynomial. In 1978, Chao and Whitehead 
defined a graph to be chromatically unique if no other graphs share its chromatic 
polynomial. Since then many researchers have been studying chromatic uniqueness and 
chromatic equivalence of graphs. The question on chromatic equivalence and uniqueness 
is called the chromaticity problem of graphs. Very recently, Dong, Koh and Teo (2005) 
finished a monograph on chromatic polynomials and chromaticity of graphs. Salzberg et 
al. (1985), Tomescu (1987), Peng (1991) and many other reseachers, did the study for 
chromaticity of complete bipartite graphs. 
Dong, Koh and Teo proved in three papers around 1990 that every complete bipartite 
graph K(p,q), where p 2: q 2: 2, is chromatically unique. Since then, the chromaticity of 
graphs obtained from K(p,q) by removing a set of edges has been studied by several 
researchers. In 2000 and 2001, Dong, Koh, Teo, Little and Hendy made full use of the 
notion a(G,3) of the number of 3-independent partitions of the vertex set of a graph G to 
produce many families of chromatically unique bipartite graphs. In 2005, Roslan and 
Peng extend some of their main results further. The aim of this project is to study the 
chromatically unique bipartite graphs with certain edges deleted and in general, to 
enhance the study of families of chromatically unique graphs. 
6.2. Bahasa Malaysia 
Bertujuan untuk menyelesaikan masalah Empat-Wanla, Birkhoff (1912) 
memperkenalkan kromatik polinomial bagi suatu peta, ditandakan sebagai P(M,A), iaitu 
suatu nombor A-pewamaan wajar bagi suatu peta M. Whitney (1932), yang menemui 
banyak keputusan asasi baginya, kemudian telah mengitlakkan kefahaman kromatik 
polinomial kepada sebarang graf. Pada tahun 1968, Read bertanya samada mungkin 
mencari suatu set bagi syarat cukup dan perlu (algebra) untuk suatu polinomial menjadi 
kromatik polinomial graf lain. Secara khusus, Read bertanya tentang syarat cukup dan 
perIu bagi dua graf untuk menjadi kromatik setara, iaitu, mempunyai kromatik polinomial 
yang sarna. Pada tahun 1978, Chao dan Whitehead menakrifkan suatu graf adalah 
kromatik unik jika tiada graf lain berkongsi krornatik polinomial dengannya. Sejak itu, 
rarnai penyeIidik telah mengkaji keunikan kromatik dan kesetaraan kromatik graf. 
Persoalan kesetaraan dan keunikan kromatik disebut sebagai masalah kekromatikan graf. 
Baru-baru ini, Dong, Koh dan Teo (2005) menyiapkan monograf tentang kromatik 
polinomial dan kekromatikan graf. Salzberg dan lain-lain (1985), Tomescu (1987), Peng 
(1991) dan rarnai penyelidik lain, telah mengkaji kekromatikan graf bipartit. 
Dong, Koh and Teo membuktikan dalam tiga kertas kerja mereka sekitar 1990 bahawa 
setiap graf bipartit lengkap K(p,q), dengan p ~ q 2: 2, adalah kromatik unik. Kemudian, 
kekromatikan graf diperoleh daripada K(p,q) dengan menyingkirkan suatu set sisi telah 
dikaji oleh beberapa penyelidik. Pada tahun 2000 dan 2001, Dong, Koh, Little dan 
Hendy menggunakan sepenuhnya kefahaman u(G,3), iaitu nombor partisi 3-tak bersandar 
bagi set bucu graf G untuk menghasilkan banyak graf bipartit yang kromatik unik. Pada 
tahun 2005, Roslan dan Peng telah memperluaskan keputusan penting mereka. Tujuan 
projek ini ialah untuk mengkaji keunikan kromatik graf bipartit dengan sisi tertentu 
disingkirkan dan secara amnya, untuk memperkukuhkan lagi kajian farnili graf yang unik 
kromatik. 
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ABSTRAK 
Bertujuan untuk menyelesaikan masalah Empat-Warna, Birkhoff (1912) memperkenalkan kromatik 
polinomial bagi suatu peta, ditandakan sebagai P(M, A), iaitu suatu nombor A-pewarnaan wajar 
bagi suatu peta M. Whitney (1932), yang menemui banyak keputusan asasi baginya, kemudian 
telah mengitlakkan kefaharnan krornatik polinomial kepada sebarang graf. Pada tahun 1968, Read 
bertanya samada mungkin rnencari suatu set bagi syarat cukup dan perlu (algebra) untuk suatu 
polinomial menjadi kromatik polinomial graf lain. Secara khusus, Read bertanya tentang syarat 
cukup dan perlu bagi dua graf untuk rnenjadi kromatik setara, iaitu, rnernpunyai kromatik polino-
rnial yang sarna. Pada tahun 1978, Chao dan Whitehead menakrifkan suatu graf adalah kromatik 
unik jika tiada graf lain berkongsi kromatik polinornial dengannya. Sejak itu , ramai penyelidik 
telah mengkaji keunikan kromatik dan kesetaraan kromatik graf. Persoalan kesetaraan dan keu-
nikan kromatik disebut sebagai masalah kekromatikan graf. Baru-baru ini, Dong, Koh dan Teo 
(2005) menyiapkan monograf tentang kromatik polinomial dan kekromatikan graf. Salzberg dan 
lain-lain (1985), Tomescu (1987), Peng (1991) dan ramai penyelidik lain, telah mengkaji kekro-
matikan graf bipartit. 
Dong, Koh and Teo membuktikan dalam tiga kertas kerja mereka sekitar 1990 bahawa setiap 
graf bipartit lengkap K(p, q), dengan p ~ q ~ 2, adalah kromatik unik. Kemudian, kekromatikan 
graf diperoleh daripada K(p,q) dengan menyingkirkan suatu set sisi telah dikaji oleh beberapa 
penyelidik. Pada tahun 2000 dan 2001, Dong, Koh, Little dan Hendy menggunakan sepenuhnya 
kefahaman a(G, 3), iaitu nombor partisi 3-tak bersandar bagi set bucu graf G untuk menghasilkan 
banyak graf bipartit yang kromatik unik. Pada tahun 2005, Roslan dan Peng telah memperluaskan 
keputusan penting mereka. Tujuan projek ini ialah untuk mengkaji keunikan kromatik graf bipartit 
dengan sisi tertentu disingkirkan dan secara amnya, untuk mernperkukuhkan lagi kajian famili graf 
yang unik kromatik. 
ABSTRACT 
For the purpose of tackling the four-colour problem, Birkhoff (1912) introduced the chromatic 
polynomial of a map, denoted by P(M, A), which is a number of proper A-colouring of a map M. 
Whitney (1932), who established many fundamental results for it, later generalized the notion of 
a chromatic polynomial to that of an arbitrary graph. In 1968, Read asked whether it is possible 
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to find a set of necessary and sufficient algebraic conditions for a polynomial to be the chromatic 
polynomial of some graph. In particular, Read asked for a necessary and sufficient condition for 
two graphs to be chromatically equivalent; that is, to have the same chromatic polynomial. In 
1978, Chao and Whitehead defined a graph to be chromatically unique if no other graphs share 
its chromatic polynomial. Since then many researchers have been studying chromatic uniqueness 
and chromatic equivalence of graphs. The question on chromatic equivalence and uniqueness is 
called the chromaticity problem of graphs. Very recently, Dong, Koh and Teo (2005) finished a 
monograph on chromatic polynomials and chromaticity of graphs. Salzberg et al. (1985), Tomescu 
(1987) , Peng (1991) and many other reseachers, did the study for chromaticity of complete bipartite 
graphs. 
Dong, Koh and Teo proved in three papers around 1990 that every complete bipartite graph 
K(p, q), where p ~ q ~ 2, is chromatically unique. Since then, the chromaticity of graphs obtained 
from K(p,q) by removing a set of edges has been studied by several researchers. In 2000 and 
2001, Dong, Koh, Teo, Little and Hendy made full use of the notion a(G, 3) of the number of 
3-independent partitions of the vertex set of a graph G to produce many families of chromatically 
unique bipartite graphs. In 2005, Roslan and Peng extend some of their main results further. The 
aim of this project is to study the chromatically unique bipartite graphs with certain edges deleted 
and in general, to enhance the study of families of chromatically unique graphs. 
INTRODUCTION 
All graphs considered here are simple graphs. For a graph G, let V(G), ~(G) and P(G, A) be 
the vertex set, maximum degree and the chromatic polynomial of G, respectively. Two graphs G 
and H are said to be chromatically equivalent (or simply x-equivalent), symbolically G '" H, if 
P(G,'x) = P(ll, A). The equivalence class determined by Gunder,..., is denoted by [G]. A graph 
G is chromatically unique (or simply X-it unique) if H ~ G whenever H ,..., G, i.e, [G] = {G} up 
to isomorphism. For a set 0 of graphs, if [G] ~ 0 for every G E 0, then 0 is said to be x-closed. 
For two sets 01 and 02 of graphs, if P(G l , A) # P(G2 , A) for every G1 E 01 and G2 E 02, then 01 
and 02 are said to be chromatically disjoint, or simply x- disjoint. 
For integers p, q, s with p ~ q ~ 2 and s ~ 0, let K-S(p,q) (resp. K2"S(p,q)) denote the set of 
connected (resp. 2-connected) bipartite graphs which can be obtained from Kp,q by deleting a set 
of sedges. 
3 
Teo and Koh [11] showed that every graph in K(p, q) U K- I (p, q) is x-unique. The case when 
s ~ 2 has been studied by Giudici and Lima de Sa [6], Peng [7], Borowiecki and Drgas-Burchardt 
[1]. Their typical results are of the following: 
(i) If 2 ~ s ~ 4 and p - q is small enough, then each graph in K- s (p, q) is x-unique; 
(ii) If G E IC-S(p, q), where 0 ~ p - q ~ 1, such that the set of s edges deleted forms a matching, 
then G is x-unique. 
Chen [2] showed that if G E IC-S(p, q), where 3 ~ s ~ p - q and 
{ I 38 21 } q~max 2(P-q)(s-I)+2' 27(P-q) +3(P-q)+5s+6 , 
and the set of s edges deleted forms a matching or a star, then G is x-unique. In [5], Dong et 
al. proved that any 2-connected graph obtained from Kp,q by deleting a set of edges that forms a 
matching of size at most q - 1 or that induces a star is chromatically unique. Very recently, Dong 
et al. [4] showed that any graph in K2"8(p, q) is x-unique if p ~ q ~ 3 and 1 ~ s ~ min{4, q - I}. 
In this project, we continue to study the above problem by investigating three cases: 
(1) The chromaticity of K;;S(p,q) when p > q = 4 and s = 5, 
(2) The chromaticity of K:;S(p, q) when p > q = 5 and s = 5, 
(3) The chromaticity of K:;8(p, q) when p > q = 4 and s = 6. 
METHODOLOGY 
For a bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let G' = (A', B'; E') 
be the bipartite graph induced by the edge set E' = {xy I xy ¢ E, x E A, y E B }, where A' ~ A 
and B' ~ B. We write G' = Kp,q - G, where p = IAI and q = IBI. 
For a graph G and a positive integer k, a partition {AI , A2 , •. . , Ak } of V(G) is called a k-
independent partition in G if each Ai is a non-empty independent set of G. Let a(G, k) denote the 
number of k-independent partitions in G. For any graph G of order n , we have (see [8]): 
n 
P(G, A) = L a(G, k)A(A - 1) . " (A - k + 1). 
k=l 
Thus, we have 
Lemma 1: If G f'V H, then a(G, k) = a(H, k) for k = 1,2, .... 
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For any bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let 
a'(G,3) = a(G, 3) - (2 IA1 - 1 + 21BI- 1 - 2). 
For a bipartite graph G = (A, B; E), let 
O(G) = { Q I Q is an independent sets in G with Q n A f 0, Q n B f 0 }. 
Lemma 2: For G E K-S(p,q), 
a'(G,3) = IO(G)1 2: 2~(G') + s -1- ~(G'). 
For a bipartite graph G = (A, B; E), the number of 4-independent partitions { AI, A2 , A3 , A4 } in 
G with Ai ~ A or Ai ~ B for all i = 1,2,3,4 is 
Define 
(2 IA1 - 1 _ 1)(2IBI - 1 - 1) + ~! (31A1 - 3 . 21AI + 3) + ;! (31B1 - 3 . 21BI + 3) 
= (2IAI-1 _ 2)(2IBI-1 _ 2) + ~(3IAI-1 + 3IBI - 1) - 2. 
2 
a'(G,4) = a(G, 4) - { (2 IAI - 1 - 2)(2IBI - 1 - 2) + !(3IAI - 1 + 3IBI - 1) - 2}. 
2 
Observe that for G, H E K-S(p, q), 
a(0,4) := a(H,4) iff a'(G,4) = a'(H,4). 
The following results will be used to prove our main theorems. 
Lemma 3: For G = (A,B;E) E K-S(p,q) with IAI = p and IBI = q, 
a'(0,4) = L (2P-1-IQnAI + 2q-l-IQnBI - 2) + 
QEO(G) 
Lemma 4: For a bipartite graph G = (A, B; E), if uvw is a path in G' with dG , (u) = 1 and 
dG' (v) = 2, then for any k 2: 2, 
a(G, k) = a(G + uv, k) + a(G - {u,v}, k -1) + a(G - {u,v,w},k - 1). 
5 
Theorem 1[3J: For integers p,q,s with p 2: q 2: 3 and 0 :s: s ~ 2q - 3, and G E K"2 S (p, q), 
if one of the following conditions is satisfied: 
(i) s ~ q - 1; (ii) s = q ~ 6 and p ~ 2; 
(iv) P E {q + 3, q + I} and 0 ~ s ~ 2q - 4; 
(v) P = q + 2 and l:..(G') 2:: s + 3 - qi 
(vi) P = q and o:.'(Gi , 3) < 2P - 2 • 
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ABSTRACT 
Fo'l' integeTs p, q~ s with p ~ q ~ 2 and s 2 0, let lC;S(p, q) denote the set of 2-connecied 
bi')Ja'f'tde yr'aphs which can, be obtained from Kp,q by deleting a set of sedges. F.Al.Dong et al. 
(Discrete Math. vol.224 (2000) 107 124) p-roved that for any graph 0 E lC;S(p, q) with p 2 q 2 3 
and 0 ::s; s ::s; min{ 4, q - I}, then 0 is chromat'ically unique. Tn (1O) .. we extended this result to 
p > q = 5 and s = 5. In this papp.'r, we stndy the chrom.o.tir.ity of any gmph G E JC;'~(p, q) 1JJlu~n 
TJ > q = 4 and s = 5. 
2000 M~.thel\lati<:al Subject CI~ssifka.tioll. Prima7'Y 05C15. 
1 Introduction 
'All graphs considered here arc simple graphs. For a graph G, let V(G), ~(G) and P(G,'x) he the 
vertex set, max:imum degree and the dlfomatic polynomial of G, respectively. 
Two graphs 0 and. H are said to be ch-rornatically equi'/.lalent (or simply x-equivalent), symbolically 
G rv H, if peG, >.) = P(H, >.). The equivalence class determined by Gunder rv is donoted by [GJ. 
A gn\ph G is ch:/'omatically unique (or simply x-unique) if H ~ G whenever H rv G, i.e, [0] = {G} 
up to isomorphhml. For a set Q of graphs, if [G] ~ 9 for every G E 9, then 9 is said to be x-closed. 
For two sets 91 and 92 of graphs, if P(GI,,X) i= P(G2.'x) for every Gt E 91 and G2 E 92. then Q1 
and 92 are sa.id to be chromatically disjoint, or simply x- disjoint. 
For integers p, q, S with 1J ~ q ~ 2 and s ~ 0, let lC-s(p, q) (resp. JC.iS(p, q}) denote the set of 
c01111ec:ted (resp. 2-conllccted) bipartite graphs which can be obtained from J{P,f[ by deleting a Het 
of . ., Cdgffi. 
1 
In [5L Dong et al. provcd the following rcsult. 
Theorem 1.1 FOT integers p, q, s with p ::::: q 2: 2 a'nd 0 :S 8 :S q - 1/ J(i,5(p, q) is x-clo8erl, 
Tco and Koh [10] showed that every graph in JC(p, q) U J(-1(P, q) is x-unique. Thc case when 
s 2: 2 has been studied by Giudici and Lima de Sa [6], Pcng (7), Borowiecki and Drgas-Burchal"Clt 
[1]. Their typical results are of the following: 
(i) If 2 :S s :S 4 and p - q is small enough, then each graph in K-s(p, q) is x-unique; 
(ii) If G E J(-S(p, q), where 0 :S p - q :S 1, such that the set of sedges delcted forms a ma.tching, 
thcn G is x-uniquc. 
ChCll [2] showed that if G E K-IJ(p, q), where 3 :S s :S p - q and 
{
I 3 8 2 1 } q ~ max 2 (p - q) (s - 1) + 2' 27 (p - q) +:3 (p - q) + 5s + 6 , 
amI thc set of s cdges deleted forms a matching or a star, then G is x-unique. In [5], Dong ct, 
a1. proved tha.t any 2-connected graph obtained from J(p,q by deleting a set of edges that forms 
a mat.ching of size at most q - 1 or that induces a star is chromatically unique. 
Very recently, Dong et a1. [4] showed that any gTaph in K;s (p, q) is x-unique if p ~ q ~ 3 and 
1 ~ s :s; min{ 4, q - I}. In [9], we extend this result to p ?: q 2: 6 and s = 5 or 6. In [10], we proved 
for the case p > q = 5 and s = 5. In this paper, we shall study the chromaticity of Kili(p, q) when 
p > q = 4 and s = 5. 
2 Preliminary results and notation 
For a bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let G' = (A', B'i E') 
be the bipa.rtite graph induced by the edge set E' = {XV I xy ¢. E, x E A, y E B }, where A' ~ A 
and B' ~ B. We writ.e G' = Kp,(l - G, where p = IAI and q = IBI-
For a graph G and a positive integer k, a partition {AI, A2 , .. _, Ak} of V(G) is called a k-
independent p(]"tit·ion in G if each A.i is a non-empty independent set of G. Let cx(G, k) denote the 
number of k-independcnt partitions in G. For any graph G of order U l we have (sec [8]): 
TI. 
peG, A) = I: a(G, k)A(A - 1)··· (A - k + 1). 
k=l 
Thus, we have 
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Lemlna 2.1 If G rv H, then a(G, k) = a:(H,k) /01' k = 1,2, .... 
For any bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let 
al(G, 3) = a(G, 3) - (2 IA1 - 1 + 21BI - 1 - 2). (1) 
For a bipartite graph G = (A,B; E), let 
nCG) = {Q I Q is an independent set in G with Q n A # f/I,Qn B =l0}. 
Lemma 2.2 (Dong et at. {5]) For G E K - S(p, q), 
a'(G, 3)= In(G)1 ~ 2~(G/) + s - 1 - il(G/). 
For a bipartite gTaph G = (A, B; E), the number of 4-indepcndent partitions {AI, A2 , A3 , A4 } in 
G with Ai ~ A or Ai. ~ B for all i = 1,2,3,4 is 
Define 
c/(G,4) = a(G, 4) - { (2 IA1 - 1 - 2)(2IBI - 1 - 2) + ~(3IAI-l + 3IBI - 1 ) - 2}. 
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Observe that for G, HE t(-S(p, q), 
a(G,4) = a(H,4) if and only if a/(G,4) = a'(H,4). 
The following results will be used to prove our main theorem. 
Lemma 2.3 (Dong et al. /3J) For G = (A, B; E) E K-S(p, q) with IAI = p and lEI = q, 
a
'
(C,4) = 2: (2P-l-IQnAI + 2lJ-I-IQnBI - 2) + 
QEH(G) 
Theorem 2.1 (lJong el al. IS)) For in.l.eger,r.; p!q~8 wi!.h P 2 q ~ 3 and 0 ~ .<3 ~ 2q - 3. and 
G E K:;'''(p, q), 
[G] ~ JC:;S(p, q), 
ij' O'n.£'. of U~e following r:ondit.ion.'l i.'l salisfied: 
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(i) oS ~ q - 1; 
(ii) s = q 2 6 a:nd P 2 2; 
(iii) p 2 q + 4: 
(iv) pE{q+3,q+1} andOsss2q-4; 
(11) JJ= q+2 and 6(G') 2 s+3-qj 
Theorem 2.2 (Pp.ng (7]) 11 H is X-equi·vaZrmt to OJ and 0 is a. bip(J,rtitf! graph, thrm H i,q aZ,o;o 
a bipartite graph hav'ing the same number of vertices, edges) pun! quadrilaterals, and complete 
subgmphs K(2, 3) as G. 
3 Main result 
In [9], we proved that every graph in JC2'S(p, q) is x-unique if p 2 q ;::: 6 and s = 5 or s = 6. In 
[10], we showed that every graph in JC2'S(p, q) is x-unique if p ~ q = 5 and s = 5. In this section , 
we shall show that every graph in lC;S(p, q) is x-unique if p 2 q = 4 and s = 5, 
. Let G be any graph in JC;5(p, q), and 0' = K(p, q) - O. There are 21 structures of G' (q = 4 and 
Gis 2-connccted), which are named as G~, G~, .. " G~l (sec Table 1). We group the graphs Gl , 
O 2 , ... , 021 according to their values of a/(Gil 3), which can be calculated by using Lemma 2.2 
and the8e values are in coltunn three of Table 1. Thus we have the following observations. 
(i) d(Oi,3) = 6, for i=lj 
(ii) Q'(Gi ,3} = 7, for i=2,3,4j 
(iii) C/(Oi: 3) = 8, for i=5,6,7,8j 
(iv) Q'(Gi , 3) = 9, for i=9,10; 
(v) c/(Oi,3) = 10, for i=11,12,13,14; 
(vi) 0/ (ai, 3) = 11, for i=15,16,17; 
(vii) Q'(Gi ,3) = 13~ for i=18j 
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(viii) (\I' (Gi , 3) = 16, for i=19j 
(ix) (\I'(Gi , 3) = 17, for i=20j 
(x) cl (ai. , 3) = 31 , for i=21. 
We then group these graphs according to their n'( Gi., 3). H(~ncl' we have the following clR~;:;ifi('.at.ion 
of the gTaphs. 
7i {G1 } 
T2 {G2,G3 , G4} 
13 { G5 , G6 , G7, 0 8 } 
74 {G9,G lO } 
Ts { 0 11 ,012 , G13 , G14 } 
T6 { G15 , G16 , Gi7 } 
T7 { G18 } 
Ts {GI9 } 
19 {G20 } 
'Ii 0 { 021 } 
We also calculate the values of a'(Ci , 4) by using Lemma 2.3 and we list them in column four of 
Table 1. 
We now present our main result in the following theorem. 
Theorem 3.1 Every graph in JC2'5(p) q) with p > q = 4 is x-unique 'if one of the follow'ing condi-
tions is s(1tisfie!l: f If S Ii 
(i) P ? 8, 
(ii) P = 7 or 5 .. 
( iii) p = 6 and 6(G') ? 4. 
Proof Observe that for any i, ,j with 1 ::; i < j ::; 10, a'(C,3) < ci(R,3) if G E 7i and 
If E 7) . Thus by Lemma 2.1 and Equation (1), 7i and 1j (1 ::; i < j ::; 10) are x-disjoint and 
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since tc25(]J~ 4) is x-closed under the conditions (i), (ii) or (iii) (sec Theorem 2.1L then each Ti 
(1 ::; i ::; 10) is x-closed. Hence, for each i, to show that ail graphs in 7i are X-lll1iqlle, it ~mffk('s 
to show that for any two graphs, G, H E ~, if G 1- H, then either a'(G, 4) i= a'CH, 4) or by using 
Theorem 2.2. Note that 71., 77, 78, Tg and 710 contains only one graph G I • G18 ,GlIh G20 and 
G21 , respectivciy and hence Gll G1S ,G19, G20 and G21 are x-unique. The remaining work is to 
compare every two graphs in 7i for 2 ~ i $. 6. 
(1) 72: We consider two cases. 
(1.1) Case 1: p = 5. Notice that the graph G2 is not considerable since p = 5 and thus we 
only consider graphs G3 and G4. 
a/(C41 4) - a'(Ga, 4) 
= [ 3 . 2P- 3 + 3 . 2q- 3 + 8]- [ 3· 2P- 3 + 3 . 2q- 3 + 11 ] 
= -3 < O. 
Thus, we have c/(C4 • 4) < d(C31 4). 
(1.2) Case 2: p ~ 7. 
a/( C 2 , 4) - 0/ (G4 , 4) 
= [ 2 . 2P- 3 + 2 . 2CJ - 2 + 11 ]- [ 3 . 2P- 3 + 3 . 2C/-3 + 8] 
= _2P- 3 +21]-3 + 3 < 0, 
Thus, we have ex'(G21 4) < d(G41 4) < a:'(G3 ! 4). 
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(2) 73: We consider two cases. 
(2.1) Case 1: p = 5. 
a'(G51 4) - a'(Ga, 4) 
= [ 4· 2P- 3 + 5 .2(1-3 + 7]- [ 4· 2q- 3 + 5 .2P- 3 + 7] 
= _2P- 3 + 2'1-3 < 0, 
o'(G(i l 4) - c/(G7 ,4) 
= [ ·4.2([-3 + 5· 2P- 3 + 7]- [ 4· 2P- 3 + 5· 2q- 3 + 10 ] 
= 2P- 3 - 2q- 3 - 3 < 0, 
O/(G71 4) - a'(G8, 4) 
= [ 4· 2P - 3 + 5 . 2q- 3 + 10 ]- [ 4 . 2q - 3 + 5 . 211- 3 + 10 ] 
= _2P- 3 + 21 - 3 < O. 
Thus, we have (/(05 ,4) < c/(G6 ,4) < o.'(G71 4) < a'(Gs1 4). 
(2.2) Case 2: p 2:: 7. 
0:'(05 ,4) - a'(G7 ,4) 
= [ 4 · 2P- 3 + 5 . 2q- 3 + 7]- [ 4· 2P- 3 + 5 . 2q - 3 + 10 ] 
= -3 < 0, 
a'(G7 , 4) - a'(Go, 4) 
= _21)-3 + 21J - 3 + 3 < 0, 
a/(G6,4) - a'(Gs, 4) 
= [ 4 . 21J - 3 + 5 . 2P- 3 + 7]- [ 4· 2q- 3 + 5 . 21)-3 + 10 1 
= -3 < O. 
Thus, we have o'(G5,4) < a:'(G71 4) < cl(Ga, 4) < a:'(G8 ,4). 
(3) 74. 
a/eGg, 4) - Q'(G lOI 4) 
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= [ 6· 2P- 3 + 6 . 2CJ - 3 + 5]- [ 7 . 2P- 4 + 4 . 2q- 2 + 7] 
= 5 . 2P- 4 - 2 . 21]-3 - 2 > 0. 
Thus, we have n'(G lO ) < r/(G9 , 4). 
(4) 75: We consider two cases. 
(4.1) Case 1: p = 5. 
a' (G 12 , 4) - a'{Gll , 4) 
= [ 11· 2P- 4 + 9 . 2q- 3 + 2]- [ 7· 2P- 3 + 7 . 2'1-3 + 1 ] 
::::: -3 . 2P- 4 + 2 . 21]-3 + 1 < 0, 
r/(Gll , 4) - a'(G13 , 4) 
= [ 7· 2P- 3 + 7· 2q - 3 + 1 ]- [ 9· 2P- 4 + 5·21]-2 + 11 ] 
= 5 . 2P- 4 - 3 . 2'1-3 - 10 < 0, 
O/(G13J 4) - a' (G 14 , 4) 
= [ 9· 2P- 4 + 5 . 2q - 2 + 11 ]- [ 9· 2q - 3 + 11 . 2P- 4 + 11] 
= _2P-3 + 2'1-3 . 
Thus, we have Cl(G121 4) < a'(Gll I 4) < a'(G131 4) < a'(G14,4). 
(4.2) Case 2: p ~ 7. 
O/(G131 4) - a/(G12 , 4) 
= [ 9 · 2P- 4 + 5 . 211 - 2 + 11 ]- [ 11· 2P- 4 + 9 . 21J - 3 + 2] 
= -2· 2P- 4 + 2q - 3 + 9 < 0, 
O/(G12 , 4) - C/(G141 4) 
= [ 11· 21J - 4 + 9 . 21J - 3 + 2]- [ 9 · 2'1-3 + 11 . 2P- 4 + 11 ] 
= -9 < 0, 
a'(G14, 4) - a/(Gll , 4) 
= [ 9· 2q- 3 + 11 . 2P- 4 + 11 ]- [ 7 · 2P- 3 + 7·2'1-:3 + 1 ] 
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= -3 . 2P - 4 + 2 . 2lJ - 3 + 10 < O. 
Thus, we have C/(G13, 4) < d(G12 , 4) < d(G14 , 4) < d(Gu , 4). 
(5) To: Vv~e consider two cases. 
(5.1) Case 1: p = 5. 
a/(GIs , 4) - C/(G17,4) 
= [ 15 . 2P- 4 + 10 . 2CJ- 3 - 3]- [ 13· 2P- 4 + 11 . 2lJ - 3 + 1 ] 
= 2 . 2P- 4 - 2lJ - 3 - 4 < 0, 
a
l (G17,4) - Cl(G16,4) 
= [ 13 . 21J - 4 + 11 . 2q - 3 + 1 ]- [ 15.2'1-4 + 10 . 2P- 3 - 3] 
= -7 . 2P- 4 + 7· 2q- 4 + 4 < O. 
Thus, we have Cl/(G15, 4) < Cl(G17,4) < Q"(G16, 4). 
(5.2) Case 2: ]J ~ 7. 
a l (G ls ,4) - O/(GI6 , 4) 
= [ 15 . 2P- 4 + 10 . 2q- 3 - 3 ] - [ 15 ·21/-4 + 10· 2P- 3 - 3 ] 
= -5 . 2P- 4 + 5 . 2q - 4 < O. 
Thus, we have a' (G17, 4) < a'(G15 , 4) < C/(G16, 4). 
Therefore, by (1) - (5), we have the following observation: 
The t.heorem holds under the conditions (i) or (ii). But for condition (iii), we only need to consider 
the graphs in 7i (8 :::; i :::; 10) since 6(G') ~ 4 for GIg, G20 and G21 and it is clear that these 
graphs a.rc x-unique. Also notice that these graphs are not considerable for case 1~ = 5. Hellce by 
the detail comparisons above (for graphs in 7i (2 ~ i:::; 6)), we conclude that theorem holds under 
conditions (iL (ii) and (iii). This completes the proof of Theorem 3.1. 0 
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TABLE 1 (1 of 3) 
Name of Graphs Gi 
Graph, (G~ = Kp,q - G i ) c/(G·i ,3) cl(Gi , 4) - 5(2P - 2 + 2'1-2 - 2) 
Gi IA'I $ p, IE'I $ q 
V I I [ A' G1 6 (2P- 3 + 2lJ - 2 - 2) + 12 B' 
V V I I A' G2 7 2(2P- 3 + 21]-2 - 2) + 15 B' 
VA II A' G3 7 3 . 2P- 3 + 3 . 211 - 3 + 11 B' 
\\ [ I A' G4 7 3 . 2P- 3 + 3 . 2(/-3 + 8 B' 
WI A' G5 8 4 . 2P- 3 + 5 . 2q- 3 + 7 B' 
M[ A' G6 8 4· 2CJ - 3 + 5· 2P- 3 + 7 B' 
VV\ A' G7 8 4 . 2P- 3 + 5 . 2(1- 3 + 10 B' 
Av\ A' Os 8 4 . 21J - 3 + 5 . 211- 3 + 10 B' 
11 
TABLE 1 (2 of 3) 
Name of Graphs G~ 
Graph, (G~ = Kp,fj - Gi ) ci(G i ,3) a/(G i.,4) - 5(2V- 2 + 2'1-2 - 2) 
G t IA'I s p , IB'I s q 
1M A' G!) 9 6 . 2P- 3 + 6 . 21/-3 + 5 B' 
\V II A' GlO 9 7 . 2P- 4 + 4 . 2'1-2 + 7 B' 
lX11 
A' 
Gu 10 7 . 2P- 3 + 7 . 2fJ - 3 + 1 
B' 
\11\1 
AI 
G12 10 11 . 2P- 4 + 9 . 2q- 3 + 2 
B' 
\VV AI G13 10 9 . 2P- 4 + 5 . 2q- 2 + 11 B' 
\VA A' G14 10 9 . 2'1-3 + 11 . 2P- 4 + 11 B' 
M A' G15 11 15 . 2P- 4 + 10 . 2rJ - 3 - 3 BI 
al Cl el 
\Av' A' G16 11 15 . 21j-4 + 10 . 2P- 3 - 3 B' 
C2 a2 
A' W G17 11 13 . 2P- 4 + 11 . 21J - 3 + 1 B' d2 b2 
12 
TABLE 1 (3 of 3) 
Name of Graphs G~ 
Graph, (G~ = Kp,q - G i ) c/(Gi,3) Cl(Gil 4) - 5(211- 2 + 21)-2 - 2) 
G.i IA'! :::; p, IE'I ~ q 
\M AI GI8 13 19· 2P- 4 + 13 · 21]-3 - 9 B' 
\¥ll A' GIO 16 16. 2P- 4 + 2P- 5 + 11· 21[-2 - 7 B' 
\¥I\ AI G20 17 9 . 2P- 5 + 4 . 2P- 2 + 2q - 3 + 11 . 21]-2 - 17 
B' 
~ A' G21 31 15· 2P- 3 + 11 . 2P- 6 + 26 . 2(1-2 - 52 B' 
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CHROMATICITY OF CERTAIN BIPARTITE 
GRAPH WITH FIVE EDGES DELETED 
Roslan Basni & f.B. Peng 
ABSTRACT: For integers p, q, s with p ~ q ~ 2 and s ~ 0, let K;-s (p,q) denote the set 
of 2 -connected bipartite graphs which can be obtained from K by deleting a set of s p,q 
edges. F.M. Dong etal. (Discrete Math. vol. 224 (2000) 107-124) proved thatforany 
graph G E X;-s (p, g) with p ~ q ~ 3 and 0 ~ s ~ min {4. q ~ 1 }, then G is chromatically 
unique. In [91, we extended this result to p ~ q ~ 6 and s = 5 or s = 6. In this paper, we 
discuss the chromaticity of any graph G E ~-S(p,q) when p ~ q = 5 and s = 5. 
Keywords: Chromatic polynomial, Chromatically equivalence, Chromatically unique. 
1. INTRODUCTION 
All graphs considered here are simple graphs. For a graph G, let V (G), ~(G) and peG, 
A) be the vertex set, maximum degree and the chromatic polynomial of G, respectively. 
Two graphs G and H .are said to be chromatically equivalent (or" simply x-
equivalent), symbolically G .... H, if peG, A) = P (H, A). The equivalence class detennined 
by Gunder .... is denoted by [G]. A graph G is chromatically unique (or simply x-
unique) if 
H == G whenever H .... G, i.e, [G] = {G} up to isomorphism. For a set y of graphs, if [G) 
~ y for every G e y, then 9 is said to be x-closed. For two sets gl and 92 of graphs, if 
peG}, A.) * P(G2, A) for every G1 eOl and g2 eY2' then 91 and 92 are said to be 
chromatically disjoint, or simply x-disjoint. 
For integers p, q, s with p ~ q ~ 2 and s ~ 0, let lC-s(p, q) (resp. JC;s (p,q) denote the 
set of connected (resp. 2-connected) bipartite graphs which can ·be obtained from K . 
. p~ 
by deleting a set of s edges. In [5], Dong et al. proved the following result. 
Theorem 1.1: For integers p, q, S withp ~ q ~ 2 and 0 ~ s ~ q - 1, J;-S(p,q) is x-
closed. 
Teo and Koh [11] showed that every graph in lC(p, q) v J(-l(p, q) is x-unique. The 
case when s ~ 2 has been studied by Giudici and Lima de Sa [6], Peng [7], Borowiecki 
and Drgas-Burchardt [1]. Their typical results are of the following: 
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(i) If 2 :s; s :s; 4 and p - q is small enough, then each graph in lC-s(p, q) is x-unique; 
(ii) If G elC-s(p, q), where 0 :s; p - q S 1, such that the set of s edges deleted forms 
a matching, then G is x-unique. 
Chen [2] showed that if G eJC-s(p, q), where 3 S s:S; p - q ,and 
and the set of s edges deleted forms a matching or a star, then G is x-unique. In [5], 
Dong et al, proved that any 2-connected graph obtained from K by deleting a set of 
edges that forms a m~tching of size at most q - 1 or that induces ~qstar is chromatically 
unIque. 
Very recently, Dongetal. [4] showed that any graph in K,.-S(p,q) x-uniqueifp~q 
~ 3 and 1 :s; s:S; min { 4, q -I}. In [9], we extend this result to p ~ q;::: 6 and s = 5 or 6. In 
this paper, we shall ,present the case when P,? q ~ 5 and s = 5. 
2. PRELIMINARY RESULTS AND NOTATION 
For a bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let G' = (A', 
B'; E~) be the bipartite graph Induced by the 'edge set E' = {xy ~x ey eB}, where A' k 
A and B' ~ B. We write G' = Kp.q - G, where p = !AI and q = IBI. 
For a graph G and a positive integer k, a partition {At' A2, ••• ,Ak } of V (G) is called 
a k-independent partition in G if eachA j is a non-empty independent set of G. Let a(G, 
k) denote the number of k-independent partitions in G. For any graph G of order n, we 
have (see [8]): 
n 
P(G,A)= La(G,k)A('A-l) ... ('A-k+l) 
k=l 
Thus, we have 
Lemma 2.1: If G - H, then a(G, k) = a(H, k) for k = 1, 2, .... 
For any bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let 
a'(G, 3) = a(G, 3) - (2lA1-1 + 21BI -1 - 2). (1) 
For a bipartite graph G = (A, B; E), let 
n(G) = {Q I Q is an independent sets in G with Q n A ~ 8, Q n B ¢}. 
Lemma 2.2: (Dong et al. [5]) For G eJC-s(p, q), 
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a,'{G, 3) = In(G)1 ~ 2t.(G') + S - 1 -.1. (G'). 
For a bipartite graph G = (A, B; E), the number of 4-independent partitions {AI' A2, A3, 
A4} in G with Ai~ A or Ai~ B for all i = 1, 2, 3, 4 is 
Define 
(2IAI-l_l)(2IBI-1_1)+!(3IAI_3.2IAI +3)+1-(3181_302181 +3) 
3! 3! 
=(2IAI-l_2)(2IBI-1_2)+.!.(3IAI-1 +3181- 1)_2 
2 
a'(G,4)=a(G,4) - {21AH - 2)(21B1-1 - 2)+t(3IAI-1 + 3181-1)_ 2}. 
Observe that for G, H ElC-s(p, q), 
a{G, 4) = a(H, 4) iff a'{G, 4) = a'(H, 4). 
The following results will be used to prove our main theorems. 
Lemma 2.3: (Dong et ale [3]) For G. = (A,. B; E) ElC-s(p, q) with IAI = p and IBI = q, 
a'(G,4) = L (2P-l-1QnA! + 2q-t-IQn81_2) + 
Qefl(G) 
I{ {Ql'Q2HQl'Q2 eQ(G),Q1 nQ2 = e}l· 
Lemma 2.4: (Dong et al. [5]) For a.bipartite gf~ph G = (A, B; E), if uvw is a path in 
G' with dG' (u) = 1 and dG• (v) = 2, then for any k ~ 2, 
a(G, k) = a(G + UV, k) + a(G - {u, v}, k - 1) + a(G - {u, v, w}, k - 1). 
Theorem 2.1: (Dong et ale [5]) For integers p, q, s withp ~ q ~ 3 and 0 S s S 2q-
3, and G E X:;S(p,q) 
if one of the following conditions is satisfied: 
(i) s S q - 1; 
(ii) .f-'= q ~ 6 and p ~ 2; 
(iii) p ~ q + 4; 
(iv) p e {q + 3, q + I} and 0 ~ s:$; 2q - 4; 
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(v) p = q + 2 and il(G') ~ s + 3 - q; 
(vi) p = q and a'(G j , 3) < 2P-2. 
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3. MAIN RESULT 
In [9], we proved that every graph in JC;s (p,q) is x-unique if p ~ q ~ 6 and s = 5 or s = 
6. In this section, we shall show that every graph in ~-S(p,q) is x-unique if p ~ q = 5 
ands=5. 
Let G be any graph in ~-5 (p,q) and G' = K(p, q) - G. There are 34 structures of G', 
which are named as G'l' G'2' ... , G' 34 (see Table 1 in [10]). We group the graphs GI, G2, 
... , G34 according to their values of a' (Gi , 3), which can be calculated by using Lemma 
2.2 and these values are in column three of Table 1 [10]. Thus we have the following 
observations. 
(i) a'(Go, 3) = 5, for i = 1; 
I 
(ii) a' (Go, 3) = 6, for i = 2,3;-
I 
(iii) a'(Go, 3) = 7, for i = 4, 5, 6, 7; 
I 
(iv) a'(Go, 3) = 8, for i = 8, 9, 10, 11; 
I 
(v) a'(G1, 3) = 9, for i = 12, 13, 14; 
(vi) a'(Go, 3) = 10, for i = 15, 16, ... , 21; 
I 
(vii) a.'(G., 3) = 11, for i = 22, 23, 24, 25; 
I 
(viii) a' (Go, 3) = 13, for i = 26, 27, 28; 
I 
(ix) a'(Go, 3) = 16, for i = 29, 30; 
I 
(x) a'(Gj , 3) = 17, for i = 31, 32; 
(xi) a'(Go, 3) = 31, for i = 33, 34. 
I 
We then group these graphs according to their a' (Gi, 3). Hence we have the following 
classification of the graphs. 
7; = {GI } 
~ = {G2, G3 } 
7; = {G4, Gs' G6 , G7 } 
~ = {Gs' G9, G10' Gll } 
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~ = {GI2 , G13, G14 } 
~ = {GI5, GI6, G17, GIst G19' G20, 0 21 } 
T, = {G22, G23, G24, G25 } 
~ = {G26, G27, G28 } 
~ = {G29, G30 } 
~O = . {G31 , G32 } 
~I = {G33 , G34 } 
We also calculate the values of a.' (Gi , 4) by using Lemma 2.3 and we list them in 
column four of Table 1 [10]. 
We now present our main result in the following theorem. 
Theorem 3.1: Every graph in lCz-s (p,q) with p > q = 5 is x-unique if one of the 
following conditions is satisfied: 
(i) p:?:. 9, 
(ii) p = 6 or 8, 
(iii) p = 7 and L1 (G') :?:. 3. 
Proof: Observe that for any i,j with 1 :s; i <j ~ 11, a'(G, 3) < a'(R, 3) if G E 7; and 
H E~. Thus by Lemma 2.1 and Equation (1), ~ and ~ (1 ~ i <j ~ 11) are x-disjoint and 
since J<;.-5(p,5) is x-closed under the conditions (i), (ii) or (iii) (see Theorem 2.1), then 
each 7; (1 ::; i :s; 11) is x-closed. Hence, for each i, to show that all graphs in ~ are -
unique, it suffices to show that for any two graphs, G, H E~, if G ~ H, then either a.'(G, 
4);c a'(R, 4) or a.(G, 5);c (R, 5). Note that 7; contain only one graph GI, and hence G1 
is x-unique. The remaining work is to compare every two graphs in T;for 2 ~ i ~ 11. 
Since the methods used in. comparing every two graphs in T; is standard, long and 
rather repetitive, we shall not discuss all here. In the following, we shall establish 
several inequality of the fonn a.'(Gi , 4) < (J.,f(Gi' 4) for some i,j. 
(1) 7;: a'(G2, 4) - a'(G3, 4) < O. 
(2) ~: We have 
(i) a'(G4, 4) - a.'(G7, 4) < 0, 
(ii) a'(G7, 4) -:- a.'(Gs' 4) < 0, 
(iii) a'(Gs' 4) - 0(G6, 4) < O. 
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Thus, from (i), (ii) and (iii), we can conclude that 
a'(G4, 4) < a'(G7, 4) < a'(Gs' 4) < a'(G6, 4). 
(3) ~: We have 
(i) a'(Gg, 4) - a'(G10' 4) < 0, 
(ii) a'(GlO' 4)'- a'(G9, 4) < 0, 
(iii) a'{G9, 4) - a.'(Gll , 4) < O. 
Thus, from (i), (ii) and (iii), we can conclude that 
a'(G8, 4) <a'(G lO, 4) < a/(G9, 4) < a'(GIl , 4). 
(4) ~: We can show that 
(i) a.'(G13, 4) - a'(GI2, 4) < 0, 
(ii) a.'(G12, 4) - a.'(G14, 4) < O. 
Thus, from (i) and (ii), we can conclude that 
a'(G13 , 4) < a'(G12, 4) < a'(G14, 4). 
For 7;, where 5:;5; i::; 11, we can similarly show that for any two graphs, G, H e'I;, if G 
~ H;then either a'(G, 4) '* a'(H, 4) or (G, 5);¢:. a(H, 5). ~or the detail proof, the reader 
may refer to [10]. This completes the proof of Theorem 3.1. 
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ABSTRACT 
For integers p, q, s with p 2: q 2: 2 and s 2: 0, let K;s(p, q) denote the set of 2-connected bipartite 
graphs which can be obtained from Kp,q by deleting a set of sedges. F.M.Dong et al. (Discrete 
Math. vo1.224 (2000) 107-124) proved'that for any graph G E K,;S(p, q) with p ~ q 2: 3 and 
o ~ s ~ min {4, q - I}, then G is chromatically unique. In this paper, we study the chromaticity 
of any graph G E /C.;S(p, q) when p 2:' 6, q = 4 and s = 6. 
2000 Mathematical Subject Classification. Primary 05C15. 
1 Introduction 
All graphs considered here are simple graphs. For a graph G, let V(G), t1(G) and P(G, 'A.) be the 
vertex set, maximum degree and the chromatic polynomial of G, respectively. 
Two graphs G and H are said to be chromatically equivalent (or simply x-equivalent), symbolica.lly 
G "" H, if P(G, 'A.) = P(H, 'A.). The equivalence class determined by Gunder"" is denoted by [G]. 
A graph G is chromatically unique (or simply x-unique) if H ~ G whenever H "" G, i.e, [G] = {G} 
up to isomorphism. For a set 9 of graphs, if [GJ ~ 9 for every G E Q, then Q is said to be x-closed. 
For two sets 91 and 92 of graphs, if P(G11 'A.) f P(G2 ,)") for every Ol 'E 91 and 02 E 92, then 91 
and 92 are said to be chromatically disjoint, or simply x- dis}oint. 
For integers P! q, S with p 2 q 2 2 and s 2 0, let K,-S(p, q) (resp. JC'2 s (p, q») denote the set of 
connected (resp. 2-connected) bipartite graphs which can be obtained from Kp,q by deleting a set 
of sedges. 
1 
In [4,5]' Dong et al. proved the following results. 
Lemma Ll Ifp ~ q ~ 3 and s ::; p + q - 4, then for any G E K-s(p, q) with c>(G) ~ 2, then G is 
2-connected. 
Theorem 1.1 For integers p, q, s with p ~ q ~ 2 and 0::; s ::; q - 1, K2's(p, q) is x-closed. 
Teo and Koh [13] showed that every graph in lC(p,q) U JC-l(p,q) is x-unique. The case when 
s 2:: 2 has been studied by Giudici and Lima de Sa [6], Peng [7], Borowiecki and Drgas-Burchardt 
[l}. Their typical results are of the following: 
(i) If 2 ::; s ::; 4 and p - q is small enough, then each graph in JC-s(p, q) is x-unique; 
(ii) If G E JC-S(p, q), where 0 ::; p - q ::; 1, such that the set of s edges deleted forms a matching, 
then G is x-unique. 
Chen [2] showed that if G E JC-S(p, q), where 3 ::; s ::; p - q and 
{
I 38 21 } q~max 2(P-q)(s-I)T2' 27(P-q) +3(P-q)+5s+6 , 
and the set of s edges deleted forms a matching or a star, then G is x-unique. In [5], Dong et 
al. proved that any 2-connected graph obtained from Kp,q by deleting a set , of edges that forms 
a matching 'of size at most q - 1 or that induces a star is chromatically unique. 
Very recently, Dong et al. [4] showed that any ,graph in K2'S(p,q) is x-unique if p ~ q ~ 3 and 
1 ~ s ::; min{ 4, q - 1}. In [9], we proved that any graph in K2's (p, q) is x-unique 'if p ~ q ~ 6 and 
s = 5; Or p ~ q ~ 7 and s = 6. In [10,11)' we extended this study for the case p > q = 5 and s = 5; 
or p > q = 4 and s = 5. In this paper, we shall study the chromaticity of any graph in K;s (P, q) 
when p ~ 6, q = 4 and s = 6. 
2 Preliminary Results and N otati,on 
For a bipartite graph G = (A, B; E) with bipartition A and B and edge set E, let G' = (A', B'; E') 
be the bipartite graph induced by the edge set E' = {xy I xy rj E, x E A,y E B }, where A' ~ A 
and B' ~ B. We write G' = Kp,q - G, where p = IAI and q = IBI. 
For a graph G and a positive integer k, a partition {A 1,A2 ) ... ,Ak} of V(G) is called a k-
independent partition in G if each Ai is a non-e~pty independent set of G. Let a(G, k) denote the 
2 
number of k-independent partitions in G. For any graph G of order n, we have (see [8]): 
n 
P(G,,\) = L a(G, k)"('\ - 1)··· ().. - k + 1). 
k=1 
Thus, we have 
Lemma 2.1 If G '" H, then a(G, k) = o.(H, k) for k = 1,2, .... 
For any bipartite graph G =: (A, Bj E) with bipartition A and B and edge set E, let 
o.'(G,3) = a(G, 3) - (2 IA1 - 1 + 21BI - 1 - 2). (1) 
For a bipartite graph G = (A, Bj E), let 
n(c) = { Q I Q is an independent set in C with Q n A =f. 0, Q n B =f. 0 }. 
Lemma 2.2 (Dong et al. [5}) For G E K,-S(p, q), 
o.'(G,3) = jfl(G)j ~ 2A(G' ) + S -1.,- Ll(G') . 
For a bipartite graph G = (A, B; E), the number of 4-independent partitions {AI, A2, A3 , A4} in 
G with Ai ~ A or Ai ~ B for all i = 1,~,3,4 is 
Define 
(2JAI - 1 _ 1)(2IBI - 1 _ 1) + 2. (31A1 - 3. 21AI + 3) + ~(3IBI - 3 · 21Bl + 3) 
. 3! 3! 
= (2IAI-1 _ 2)(2IBI - 1 _ 2) + ~(3IAI-1 + 3IBI- 1) - 2. 
2 
a~( G, 4) = 0.( G, 4) - { (2IA1 - 1 - 2)(2IBI - 1 - 2) + ~ (3IAI - 1 + 3IBI - 1 ) - 2} . 
Observe that for G, H E K,-S(p, q), 
o.(C,·4) = o.(H, 4) if and only if . a'(C,4) = a/(H, 4) . 
The following results will be used to prove our main theorem. 
Lemma 2.3 (Dong et al. [3]) For G = (A , Bj E) E K,-S(p, q) with IAI = p and lEI = q, 
a /(C,4) = L (2P-l-IQnAI + 2q-l-IQnBI - 2) + 
QED{G) 
3 
Lemma 2.4 (Dong et aZ. (5)) For a bipartite graph G = (A, B; E), if uvw is a path in G' with 
dCI(u) = 1 and dCI (v) = 2, then for any k ~ 2, 
a(G, k) = a(G + uv, k) + Q(G - {U,V}, k - 1) + a(G - {ti, v, w}, k - 1). 
Theorem 2.1 (Dong et al. [5}) For integers p,q,s with p ~ q ~ 3 and 0 ~ s ~ 2q - 3, and 
G E JC2s (p, q), 
if one of the following conditions is satisfied: 
(i) s ~ q - 1; 
(ii) s = q ~ 6 and p 2:: 2,-
(iii) p ~ q + 4; 
(iv) p E {q + 3, q + I} and 0 ~ s ~ 2q - 4; 
(v) p = q + 2 and L::.(G') ~ s + 3 - q; 
(vi) P = q and cl(Gi ,3) < 2P- 2 
3 Main Result 
In [9], we proved that every graph in K2S (p, q) is x-unique if p 2:: q ~ 6 and s = 5 or s = 6. In [10], 
·we showed that every graph in JC2s (p, q) is x-unique if p > q = 5 and s = 5. In [11], we proved 
that every graph in JC2s (p, q) is x-unique if p > q = 4 and s = 5. In this section, we shall prove 
that every graph in 1C2S (p, q) is x-unique if p 2: 6, q = 4 and s = 6. 
Let G be any graph in K26 (p, q), and G' = K(P, q) - G. By construction method and Lemma 1.1, 
one can easily verify that there are 44 structures of G' (q = 4 and G is 2-connected), which are 
named as GIl G~, ... , G~4 (see Table 1 in [12]). We group the graphs GIl G2 , .. 'J G44 according 
to their values of a'(Gi ,3), which can be calculated by using Lemma 2.2 and these values are in 
column three of Table 1. Thus we have the following observations. 
(i) a'(Gi ,3) = 8, for i=l; 
(ii) d(G i ,3) = 9, for i=2,3,4,5j 
4 
(iii) d(C i ,3) = 10, for i=6,7, ... ,11; 
(iv) d(Ci,3) = 11, for i=12,13, ... ,17; 
(v) a'(Gi,3) = 12, fD.r i=18,19, ... ,25; 
(vi) a/(G i ,3) = 13, for i=26,27,28; 
(vii) a/(Cil 3) = 14, for i=29,30; 
( viii) a/(Gil 3) = 15, for i=31,32; 
(ix) d(G i ,3) = 17, for i=33,34; 
(x) a/(G i ,3) = 18, for i=35,36,37j 
(xi) a'(Gil 3) = 19, for i=38,39; 
(xii) a/(Gi ,3) = 20, for i=40j 
(xiii) ci(Gi ,3) = 21, for i=41j 
(xiv) a/(Ci ,3) = 32, for i=42; 
(xv) d(Gil 3) = 33, for i=43; 
(xvi a'(Gi~3) = 63, for i=44. 
We then group these graphs according to their a'(Gi , 3). Hence we ha.ve the following classification 
of the graphs. 
7i ;:::: {G1 } 
72 = { G21 G3 , G4 ! G5 } 
73 {G6 ,G7 , ... ,GU } 
14 {G12,G131'" ,G17 } 
75 { G18 ) GIg, ... , G25 } 
76 = { G261 G27, G28 } 
77 = { G291 G30 } 
Ts {G31 ,C32 } 
5 
19 {Gaa , Ga4 } 
71.0 = { Gas, Ga6 , G37 } 
'IiI {Ga8,G39 } 
1i2 = {G40 } 
713 {G41 } 
7i4 = {G42 } 
71s = {G43 } 
'li6 { G44 } 
We also calculate the values of a'(Gi1 4) by using Lemma 2.3 and we list them in column four of 
Table 1 [12]. We now present our main result in the following theorem. 
Theorem 3.1 Every graph in K26 (P, q) with p > q = 4 is x-unique if one of the following condi-
tions is satisfied: 
(i) p?:. 7, 
(ii) P = 6 and 6.(G') 2:: 5. 
Proof Observe that for any i, j with 1 :::; i < j ~ 16, n'(G,3) < n'(H,3) if G E 'Ii and HE 7j. 
Thus by Lemma 2.1 and Equation (1), 7i and 7j (1 ::; i < j ::; 16) are x-disjoint and since 
JC26 (P,4) is x-closed under the conditions (iii) or (iv) of Theorem 2.1, then each Ti (1 :::; i :::; 16) 
is x-closed. Hence, for each i, to show that all graphs in 7i are x-unique, it suffices to show that 
for any two graphs, G, H E 'Ii, if G ~ H, then either n'(G,4) :F a'(H,4) or n(G,5) '# n(H,5). 
Note that 11., 71.2, 71.3, 71.4, 11s and 116 contains only one graph G1, G41 , G42 , G43 and G44 , 
respectively and hence GIl G40 , G411 G42 , G43 and G44 are x-unique. The remaining work is to 
compare every two graphs in Ti for 2 ::s; i :::; 11. Note that all graphs in 7i (2 :.s; i :::; 11) are not 
considerable for the case p = 6 since 6.( G')< 5. Thus, for all Ti, we only consider the case p 2:: 7. 
[1] 72 
a' (G 4, 4) - a' ( G2 , 4) 
= [ 3 . 2,-3 + 3 . 2,-2 + 21 ]- [ 4· 2,-3 + 5 . 2,-3 + 14] 
6 
= _2P- 3 + 2q- 3 + 7 < 0, 
a'(G2 ,4) - a'(G3 , 4) 
= [ 4· 2P- 3 + 5·2,-3 + 14 ] - [ 4 . 2P- 3 + 5 ·2,-3 + 18 ] 
= -4 < 0, 
a'(G3 ,4) - a'(Gs ,4) 
= [ 4· 2P- 3 + 5·2,-3 + 18]- [ 4· 2P- 3 + 5·2,-3 + 21 ] 
= -3 < O. 
Thus, we can conclude that a'(Gi ,4) i- a/(Gj , 4) for 2 ~ i < j ~ 5. 
[2J 13 
a'(Gll,4) - a'(G7, 4) 
= [ 7 . 2P- 4 + 4·2,_2 + 16 ] - [ 5· 2P- 3 + 7 ·2,-3 + 18] 
= -3 . 2P- 4 + 2q- 3 - 2 < 0, 
o/(G7,4) - 0:'(061 4) 
= [ 5 ·2P- 3 + 7·2,-3 + 18 ] - [ 6· 2P- 3 + 6·2,-3 + 14 ] 
= _2P- 3 + 2q - 3 + 4 < 0, 
a'(Gs ,4) - q'(Os,4) . 
= [ 6· 2P- 3 + 6·2,-3 + 14]- [ 6· 2P- 3 + 6·2,-3 + 18] = -4 < 0, 
a'(Gs, 4) - a'(Gg ,4) 
= [ 6 . 2P- 3+ 6 . 2,-3 + 18]- [ 6· 2P- 3 + 6 . 2,-3 + 18] = 0, 
ci( Os, 4) - a' (G lO , 4) 
= [ 6· 2P- 3 + 6· 2,~3 + 18]- [ 6· 2P- 3 + 6· 2.-3 + 19] = -1 < O. 
Thus, we can conclude that o:'(Gi1 4) i- cl(Gj ,4) for 6 ~ i < j ~ 12 except for the graphs Gs and 
Ggo Since o/(Gs,4) = ci(Gg,4), we need to compare a(Gs,5) and a(Gg,5). By using Lemma 2.4, 
we can show that a(Gs , 5) i- a:(G9 ,5) (see [12]). 
[3] 14 
7 
a'(G15 ,4) - a'(G17 ,4) 
= [ 9. 2P-':4 + 5.2.-2 + 21 ]- [ 11· 2P- 4 + 9· 2q - 3 + 12] 
= _2P- 3 + 2q- 3 + 9 < 0, 
c/(G17 ,4) - c/(G16 ,4) 
= [ 11 . 2P- 4 + 9 . 2q - 3 + 12]- [ 11 . 2P- 4 + 9 . 20 - 3 + 21 ] = -9 < 0, 
a'(G16 ,4) - a'(G14 ,4) 
= [ 11 . 2P- 4 + 9.20- 3 + 21 ]- [ 7· 2P- 3 + 7· 2q - 3 + 11 ] 
= -3 . 2P- 4 + 2 . 2q- 3 + 10 < 0," 
a'(G14 ,4) - a'(G12 ,4) 
= [ 7 ·2P- 3 + 7 . 2.-3 + 11 ]- [ 7· 2P- 3 + 8.2.-3 + 15] 
= _2q- 3 -"4 < 0, 
c/(G12,4) - a'(G13 ,4) 
= [ 7 . 2P- 3 + 8 . 2.-3 + 15]- [ 7 . 2.-3 + 8 . 2P- 3 + 15] 
= _2P- 3 + 2q- 3 < O. 
Thus, we can conclude that a'(Gi , 4) "# d(Gj , 4) for 13 :::; i < j :::; 18. 
[4] 15: We consider two cases p = 7 and p 2:: 8. 
(4.1) Case 1: When p = 7. 
a'(G25,4) - a'(G23,4) 
= [ 13· 2P- 4 + 11· 2q - 3 + 12]- [ 13· 2P- 4 + 11· 2,-3 + 18]- 6 < 0, 
a.'(G23 ,4) - a/(G22 ,4) 
= [ 13. 2P- 4 + 11 .2.-3 + 18]- [ 15· 2P- 4 + 10.2.-3 + 8] 
= -2 . 2P- 4 + 2q - 3 + 10 < 0, 
a/(G22,4) - Q'(G211 4) 
= [ 15. 2P- 4 + 10· 2q - 3 + 8]- [ 13 . 2P- 4 + 11 .2.-3 + 24] 
= -2 . 2P- 4 - 2q- 3 - 16 < 0, 
8 
= [ 13· 2P- 4 + 11 . 2q - 3 + 24]- [ 15 . 2P- 4 + 10 . 2.-3 + 18] 
= -2 . 2P- 4 + 2q- 3 + 6 < 0, 
0.'(G24 ,4) - a'(G1s ,4) 
= [ 15 . 2P - 4 + 10 . 2.-3 + 18]- [ 8· 2"-3 + 9 . 2q- 3 + 17] 
= _2P- 4 + 2q - 3 + 1 < 0, 
O"(G181 4) - 0" (G20 , 4) 
= [ 8· 2"-3 + 9 .2q- 3 + 17]- [ 9· 2P- 3 + 9 .2q- 3 + 12] 
= _2P- 3 + 5 < 0, 
o/(G2o ,4) - O"(G19 ,4) . 
= [ 9 . 2"-3 + 9 . 2q- 3 + 12]- [ 8 . 2q- 3 + 9 . 2P- 3 + 17] 
= 2q- 3 - 5 < O. 
Thus, we have d(G25 ,4) < Cl(G23 ,4) < 0:'(G22,4) < O"(G2I,4) < o.'(G24 ,4) < o.'(G18 ,4) < 
a'(G2o ,4) < d(G19 ,4). 
(4.2) Case 2: When p ~ 8, we can easily show that O"(G25 ,4) < O"(G23,4) < cl(G2I,4) < 
d(G22 ,4) < O"(G24 ,4) < O"(G18,4) < o.'(G2o,4) < 0"(019 ,4). 
Thus, we conclude that a'(Gi ,4) :; a:'(Gj , 4) for 18 ::; i < j ::; 25. 
Similarly, we can show that for any two graphs, G,H E Ti (6::; i:::; ll), then a'(G,4) =I o.'(H,4). 
For details, see [12]. Hence, the proof of the theorem is now completed. 0 
In view of Theorem 3.1 and results in [9], we posed the following problem: 
Problem. Study the chromaticity of any graph in JC2"6(p, q) with p > q and q = 5,6. 
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Name of Graphs G~ 
Graph, (G~ = Kp ,4 - Gi ) a'(Gi ,3) a'e Gil 4) - 6(2P- 2 + 2q- 2 - 2) 
Gi IA'I = p, IB'I = 4 
VVII A' G1 8 2 . 2P- 3 + 2 . 2q-2 + 18 B' 
WII A' G2 9 4 . 2P- 3 + 5 . 2q- 3 + 14 B' 
\1\ VI A' 4 . 2P- 3 + 5 . 2q - 3 + 18 G3 9 B' 
VVV AI G4 9 3 . 2P- 3 + 3 . 2q- 2 + 21 B' 
VV/\ A' G5 9 4 . 2P- 3 + 5 . 2q- 3 + 21 B' 
V\/\! A' G6 10 6 . 2P- 3 + 6 . 2q- 3 + 14 B' 
WV A' G7 10 5 . 2P- 3 + 7 . 2q- 3 + 18 
B' 
W/\ A' Gs 10 6 . 2P- 3 + 6· 2q- 3 + 18 B' 
TABLE 1 (1 of 6): Graphs in JC26 (P, 4), P ~ 6 
12 
Name of Graphs Gi 
Graph, (G~ = K p ,4 - Gi) Q'(Gi,3) Q'(Gi , 4) - 6(2P- 2 + 2q - 2 - 2) 
G i IA'I = P, IE'1 = 4 
MV A' Gg 10 6 . 2P- 3 + 6 . 2q- 3 + 18 B' 
\/\\/\ A' GlO 10 6 . 2P- 3 + 6 . 2q - 3 + 19 B' 
\V III A' Gll 10 7 . 2P- 4 + 4 . 2q - 2 + 16 H' 
VW A' G12 11 7 . 2P- 3 + 8 . 2q- 3 + 15 B' 
MI\ A' 8 . 2P- 3 + 7 . 2q- 3 + 15 G l3 11 E' 
V<1 II AI G14 11 7 . 2P- 3 + 7 . ·2q- 3 + 11 H' 
\vVI A' G15 11 9 . 2P- 4 + 5 . 2q- 2 + 21 B' 
\V AJ A' G16 11 11 . 2P- 4 + 9 . 2q-.3 + 21 B' 
TABLE 1 (2 of 6): Graphs in tc26 (P, 4), P ~ 6 
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Name of Graphs Gi 
Graph, (G~ = Kp ,4 - Gi ) C/(Gi l3) Q'(Gi , 4) - 6(2P- 2 + 2q - 2 - 2) 
Gi IA'I = p, IB'I = 4 
\v\ II A' G17 11 11 . 2P- 4 + 9 . 2q - 3 + 12 B' 
IXIV AI GI8 12 8 . 2P- 3 + 9 . 2q - 3 + 17 B' 
IXI/\ A' G19 12 8 . 2P- 3 + 9 . 2q- 3 + 17 B' 
W<J A' G2O . 12 9 . 2P- 3 + 9 . 2q- 3 + 12. B' 
\VV1 A' G21 12 13 . 2P- 4 + 11 . 2q- 3 + 24 B' 
V\\l A' G22 12 15 . 2P- 4 + 10 . 2q- 3 + 8 B' 
\V\V A' G23 12 13· 2P- 4 + 11 . 2q- 3 + 18 B' 
\¥\/\ A' G24 12 15· 2P- 4 + 10· 2q - 3 + 18 
Bf 
TABLE 1 (3 of 6): Graphs in lC26 (P, 4), P ~ 6 
14 
Name of Graphs G~ 
Graph, (G~ = Kp ,4 - Gd a'(Gi,3) a'(Gi ,4) - 6(2P- 2 + 2q- 2 - 2) 
Gi IA'I = p, IB'I = 4 
WJ A' G25 12 13 . 2P- 4 + 11 . 2q - 3 + 12 B' 
\VV\ A' G26 13 17 . 2P- 4 + 12 . 2q - 3 + 15 B' 
\M A' G27 13 17 . 2P- 4 + 12 . 2q - 3 + 9 B' 
/V)(\ A' G28 13 19. 2P- 4 + 11 . 2q- 3 + 4 
B' 
\1><11 
A' 
G29 14 9 . 2P- 3 + 11 . 2q- 3 + 6 
B' 
\lI\lI A' G30 14 14 . 2P- 4 + 8 . 29- 2 + 33 
B' 
\ll\ll A' 0 31 15 18 . 2P- 4 + 17 . 2q - 3 + 15 B' 
f\M A' G32 15 23 . 2P- 4 + 14 . 29- 3 + 1 B' 
TABLE 1 (4 of 6): Graphs in K26(P,4), p ~ 6 
15 
Name of Graphs G~ 
Graph, (G~ = Kp ,4 - Gi ) Q'(Gil 3) 0'( Gi , 4) - 6(2P- 2 + 2q- 2 - 2) 
Gi IA'I ~ p, IB'I = 4 
\WI A' G33 17 24· 2P- 4 + 19· 2q- 3 - 1 B' 
VII A' G34 17 33'· 2P- 5 + 11 . 2q- 2 + 9 B' 
WV A' G35 18 37 . 2P- 5 + 12 . 2q- 2 + 21 B' 
W/\ A' G36 18 12 . 2P- 2 + 37 . 2q- 5 + 21 B' 
fil A' G37 18 41 . 2P- 5 + 23 . 2Q- S B' 
~ A' GS8 19 45 . 2P- 5 + 25 . 2q- 3 + 3 B' 
"VX\ A' G39 19 49· 2P- 5 + 24· 2q- 3 + 9 B' 
W A' G40 20 49 . 2P- 4 + 17· 2q- 2 - 22 B' 
TABLE 1 (5 of 6): Graphs in lC26 (P, 4), P ~ 6 
16 
Name of Graphs Gi 
Graph, (Gi = K p,4 - Gi ) a'(Gi,3) a'(Gi ,4) - 6(2P- 2 + 2q- 2 - 2) 
Gi . IA'I = P, IB'I = 4 
~ A' G41 21 57· 2P- 5 + 27 · 2q- 3 - 13 B' 
vI A' G42 32 131 . 2P- 6 + 26 . 2q- 2 - 21 B' 
~ A' G43 33 147· 2P- 6 + 53 . 2q- 3 - 39 B' 
~ A' G44 63 473· 2P- 7 + 57· 2q- 2 -114 B' 
TABLE 1 (6 of 6): Graphs in JC26 (P, 4), P ~ 6 
17 
